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ABSTRACT 

A normal mode v i b r a t i o n  ana lys i s  was made of a Saturn I vehic le  using 
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DEFINITION OF SYMBOLS 

Def in i t i on  

t o t a l  displacement of cen te r  tank 

u n i t  vec to r  f o r  cen te r  tank i n  p i t c h ,  yaw, and r o l l ,  
r e spec t ive ly  

u n i t  vec to r  f o r  ou te r  tanks,  r a d i a l  and t angen t i a l ,  
r e spec t ive ly  

ith mode amplitude f a c t o r  f o r  cen te r  tank bending 
i n  p i t c h  

ith mode amplitude f a c t o r  f o r  cen te r  tank bending i n  
Yaw 

ith mode d e f l e c t i o n  of cen te r  tank i n  p i t c h  

ith mode d e f l e c t i o n  of cen te r  tank i n  yaw 

amplitude f a c t o r  f o r  cen te r  tank r i g i d  body t r ans -  
l a t i o n  i n  p i t c h  

amplitude f a c t o r  f o r  cen te r  tank r i g i d  body t rans-  
l a t i o n  i n  yaw 

r i g i d  body t r a n s l a t i o n  of cen te r  t a n k  i n  p i t c h  

r i g i d  body t r a n s l a t i o n  of cen te r  tank i n  yaw 

x - 
tank 

where xmC is t h e  cen te r  of mass of center  

amplitude f a c t o r  f o r  cen te r  tank r i g i d  body r o t a t i o n  
i n  p i t c h  

amplitude f a c t o r  f o r  cen te r  tank r i g i d  body r o t a t i o n  
i n  yaw 

r i g i d  body r o t a t i o n  of cen te r  tank i n  p i t c h  

r i g i d  body r o t a t i o n  of cen te r  tank i n  yaw 

i v  



Symbol 

Iir 

TT 

YT 

DEFINITION OF SYMBOLS (Continued) 

Def in i t ion  

amplitude f ac to r  f o r  cen te r  tank twis t ing  i n  r o l l  

amplitude f ac to r  f o r  cen te r  tank r i g i d  body r o t a t i o n  
i n  r o l l  

t o r s iona l  deformation of cen te r  tank i n  r o l l  

r i g i d  body r o t a t i o n  of cen te r  tank i n  r o l l  

t o t a l  displacement of ou te r  tank 

amplitude f ac to r  f o r  ou te r  tank r a d i a l  bending 

amplitude f ac to r  f o r  ou te r  tank t angeh t i a l  bending 

de f l ec t ion  of outer  tank i n  r a d i a l  bending 

de f l ec t ion  of outer  tank i n  t angen t i a l  bending 

amplitude fac tor  f o r  ou te r  tank r i g i d  body motion, 
r a d i a l  

amplitude f ac to r  f o r  ou ter  tank r i g i d  body motion, 
t angen t i a l  

r i g i d  body r a d i a l  displacement of ou ter  tank 

r i g i d  body tangent ia l  displacement of ou te r  tank 

amplitude f ac to r  f o r  r i g i d  body r o t a t i o n  of outer  tank - 
r a d i a l  motion 

amplitude f ac to r  f o r  r i g i d  body r o t a t i o n  of ou te r  
tank - t angent ia l  motion 

r i g i d  body r o t a t i o n  of ou ter  tank - r a d i a l  motion 

V 



D E F I N I T I O N  OF SYMBOLS (Continued) 

Def in i t i on  

r i g i d  body r o t a t i o n  of ou te r  tank - t angen t i a l  motion 

x - x where x is the  cen te r  of mass of outer  tank 

mass per  u n i t  l ength  of cen te r  tank 

mass per  u n i t  l ength  of ou ter  tank 

length  of center  tank 

length  of ou ter  tank 

mT ' ISlT 

r o t a r y  i n e r t i a  p e r  u n i t  l ength  of cen te r  tank 

d is tance  from C.G. of cen ter  tank t o  C.G. of outer  tank 

motion of center  tank with r e spec t  t o  ou te r  tank 1 

s t a t i o n  a t  top connection of center  and ou te r  tanks 

s t a t i o n  a t  lower connection of center  and outer  tanks 

s t a t i o n  a t  suspension po in t  of cen ter  tank 

s lope  i n  p i t c h  and yaw, r e spec t ive ly  

longi tudina l  sp r ing  constant  of ou ter  tank i n  p i t c h  
and yaw, r e spec t ive ly  

t r a n s l a t i o n a l  suspension spr ing  constant  i n  p i t c h  and 
yaw, respec t  ive  1 y 

r o t a t i o n a l  suspension spr ing  constant  i n  p i t c h  and yaw, 
r e s  p e c t i v  e 1 y 

to r s iona l  suspension sp r ing  constant  

r a d i a l  connection sp r ing  constants  of ou te r  tank a t  
a and b, r e spec t ive ly  

V i  



DEFINITION OF SYMBOLS (Continued) 

Symbol 

kaTt’  k b T t  

kr 

w 

Defini t ion 

tangent ia l  connection spr ing  constants f o r  outer  tank 
a t  a and b y  respec t ive ly  

r a d i a l  ro t a t iona l  connection spr ing constant  f o r  ou ter  
tank 

tangent ia l  ro t a t iona l  connection spr ing  constant fo r  
ou ter  tank 

s lope  of outer  tank i n  r a d i a l  motion 

s lope  of ou ter  tank i n  tangent ia l  motion 

+1 f o r  T = 1, 3, 6, 8; -1 f o r  T = 2, 4, 5, 7 

center  tank generalized mass i n  p i t ch  and yaw, 
respec t ive ly  

uncoupled na tura l  frequency i n  p i t c h  and yaw, r e spec t ive ly  

general ized tors iona l  i n e r t i a  of center  tank 

uncoupled na tura l  frequency i n  tors ion  

generalized mass of outer  tank, r a d i a l  and tangent ia l ,  
res p e c t ive  1 y 

uncoupled outer  tank na tura l  frequency, r a d i a l  and 
tangent ia l ,  respec t ive ly  

coupled na tura l  frequency of complete system 

v i i  



TECHNICAL MEMORANDUM X-53089 

THREE-DIMENSIONAL MULTIPLE BEAM ANALYSIS OF A SATURN I VEHICLE 

SUMMARY 

A normal mode v ib ra t ion  analysis  was made of a S a t u n  I veh ic l e  
using a newly developed lumped parameter mul t ip le  beam representa t ion  
incorporat ing coupling of t he  center tank motion i n  p i tch ,  yaw, and 
r o l l  with the  motions of t he  outer tanks. 
the  uncoupling of motions i n  p i tch ,  yaw, and r o l l  f o r  a veh ic l e  having 
a symmetrical d i s t r i b u t i o n  of mass and s t i f f n e s s .  A few cases of non- 
symnetry were exzminsd and rxiwrical  r e s u l t s  were obtained which show 
the  e f f e c t  of veh ic l e  nomymet ry  on the  na tu ra l  frequencies of t he  
vehicle .  

The ana lys i s  demonstrates 

I. INTRODUCTION 

This r epor t  presents  a normal mode v i b r a t i o n  ana lys i s  of a complex 
space veh ic l e  of t he  Saturn I type. The ana lys i s  uses a lumped param- 
eter mul t ip le  beam representa t ion  of the  veh ic l e  which incorporates  the  
coupling of motion of the  center  tank p i t ch ,  yaw, and to r s ion  wi th  the  
motions of the  outer  tanks. The outer  tank motions include the  r a d i a l  
and tangent ia l  degrees of freedom of each of t he  e igh t  ou ter  tanks. 

The ana lys i s  demonstrates the uncoupling of motions i n  p i t ch ,  yaw, 
and tors ion  €or  a veh ic l e  having a symmetrical d i s t r ibu tqon  of mass and 
s t i f f n e s s .  The so lu t ion  presented is genera l ly  capable of t r e a t i n g  most 
types of nonsymmetry; however, the l i m i t a t i o n  of ava i l ab le  computer pro- 
grams prevented t r e a t i n g  more complicated nonsynnnetries than those t r e a t e d  
i n  t h i s  presentat ion.  

11. MATHEMATICAL MODEL 

The Saturn I veh ic l e  consis ts  of a booster  cen ter  tank t o  which 
a re  attached,by var ious connecting members, four  outer  LOX tanks and 
four  outer  f u e l  tanks; above the  booster are the  upper s tages  of the 
vehicle .  The veh ic l e  s t r u c t u r e  and configurat ion are shown i n  the  
reference.  



I n  the  m u l t i p l e  beam type' of ana lys i s ,  the  cen te r  tank of the booster  
and the  upper s t ages  a re  considered as a s i n g l e  f r ee - f r ee  beam. The ou te r  
tanks are  t r ea t ed  as separate beams e l a s t i c a l l y  connected t o  the  cen te r  
beam. More d e t a i l  regarding the  assumptions involved i n  t h i s  representa-  
t i o n  can be found i n  the reference.  

A schematic s e c t i o n  of the  booster  s t a g e  showing the  u n i t  vec to r s  
defined f o r  the coupled system of equations developed i n  the  ana lys i s  
i s  shown i n  Figure 1. A l l  vectors  are u n i t  length.  

111. EQUATIONS OF MOTION 

The motion of the center  tank w a s  represented by th ree  f l e x i b l e  
modes and two r i g i d  body modes i n  both the p i t c h  and yaw d i r e c t i o n s ,  
and by one f l e x i b l e  mode and one r i g i d  body mode i n  the  t o r s i o n a l  degree 
of freedom. Thus, displacement of the  cen te r  tank is  

where 

i= 1 

The motion of each ou te r  tank w a s  represented by one f l e x i b l e  mode 
and two r i g i d  body modes i n  both the  r a d i a l  and t angen t i a l  d i r ec t ions .  
Thus, displacement of the  ou te r  tanks is 

+ 4 
DT(x) = s(t) r;(x) r + o*(t)-  t;k(x) r' ; T = 1, 2, ..., 8 T T  T T 

2 



where 

T = 1, 2, ..., 8 .  

The t o t a l  k i n e t i c  energy of the system is 

To compute t h e  p o t e n t i a l  energy of the  system, the  cen te r  tank is 
r e l a t e d  to  the  coordinate  systems of each of the ou te r  tanks by t rans-  
formations,  one of which is given here  as an example: 

42 + 42 4 

t l  rl + - 2 Tank I: 2 = - 2 

3 





2 + $ [(-l)T - 11 p*(t) z:' (b)} + 1 - 1 k [$(t) t;(a) 
2 a T t  

T=1,2,5,6 

5 





8 8 

The equations of motion were obtained by applying LagrangC's 
equat ions,  where 

L = K.E. - P.E. 

and 

0. d &  
dt (36.) - = 

This procedure gives  a system of i equations i n  i general ized 
coordinates.  Thus, 

{qi} = , the  general ized coordinates.  

7 



The following examples w i l l  se rve  t o  i l l u s t r a t e  the procedure f o r  
determining the general ized coordinates ,  q i .  

F i r s t  example, q = A Z ( t ) :  

p*(t) z:' (b)] rJc' 1 (b) + k [A:(t) r f (b)  + 43- 2 q''(t) yz' (b) - J-T 2 r ir 

Second example, q = v*(t) :  

8 



I- -l 

For a symmetric system, note t h a t  the following e q u a l i t i e s  apply: 

1. A m  = A m ,  A m  = & t ) ,  A5(t) = A;(t), A2(t) = AE(t) 

e tc .  - - 
2* k a l r  k a 5 r ~  

3. kb,, = kbsr’ e t c .  

4. k = k  e t c .  r ir r5r’ 

= k  e t c .  5 *  k a i t  a5t’  

6 .  kblt = e tc .  

7* krit r 5 t ~  = k  e t c .  

9 



To combine terms, the  following d e f i n i t i o n s  were made: 

1 1 1 1 1 1. - k  + - k  + k  + - k  + - k  + k a 3 t = ~ K A r l  2 a i r  2 a2r a4r 2 a i t  2 a 2 t  

1 1 1 1 1 3. - k  + - k  
2 rlr 2 r2r + kr4r + T krit + T kr2t + kr3t = T %-q 

1 = - K  1 1 1 1 + - k  + - k  4*  T kair + T ka2r + ka3r 2 a i t  2 a2t + ka4t 2 AV 

1 - 1 1 1 + - k  
+ kb3r + F %it + 2 kb2t + % 4 t  - 5 0  2 kbi r  2 b2r $p 

1 

7* kait  + ka2t + ka3t + ka4t = %A@ 

Because of symmetry, t he re  are a l t e r n a t e  expressions f o r  t he  
above K terms. 
f 01 lows : 

For example, the  f i r s t  expression can be w r i t t e n  as 

/ 

10 



Simi la r  expressions can be wr i t ten  f o r  1 / 2  (K ), e tc .  By means of the  
above express ions,  the  system of simultaneous equations was reduced t o  
a system with the  following generalized coordinates:  

B11 

The following examples - show typica l  determinations of the  
general ized coordinates,  qio 

F i r s t  example, q = A;(t): 

11 



+ &t) [OI + ... + A:(t) [OI + a?( t )  [dl + ... + [ O ]  

+ v"(t) 101 = 0. 

Second example, q = v*(t): 

T*(t) [OI + r_;k(t) [O] + A;(t) 101 + ... + &t) [OI 

+ a:(t) kalt tT(a)  R$"(a) + sIt t;(b) R$*(b)] + ... 1 

IGJ, (u&$ - w2) + 2k R 2 $ Jr2 (a)  + 2k R2$''2(b) 
T*$ TB$ 

+ k$ +*'(s)] = 0. 

The generalized coordinates {qi) were thgn transformed by a lgebra ic  
In  these new coordin- operations in to  new general ized coordinates {Gi). 

ates, the  equations of motion possess no coupling between center  tank 
p i t ch ,  yaw, and tors ion .  These new general ized coordinates a r e  as 
f 01 1 ows : 

12 



{ii} = 

13 



- 
I n  terms .of  the  coordinates  { t i ) ,  the  system was reduced t o  f i v e  

independent s e t s  of simultaneous equations which were solved by e x i s t -  
ing computer eigenvector programs. Expressed i n  e igenvector  form, the  
equations of motion are:  

["I 
[ O I  

[ O I  

[.I 
[ O I  

L O 1  

[ O I  

[ O I  

[ O I  

b1 

[ O I  

[ O I  

[ O I  

[ O I  

[ O I  

[.I 
[ O I  

[ O I  

Some addi t iona l  i d e n t i t i e s  f o r  the  symmetric veh ic l e  were defined 
where the subscr ip ts  0 and F r e f e r  t o  LOX and f u e l ,  respec t ive ly .  

14 



8. kalt = = k = k = k a5t a6t a o t  

The same s u b s c r i p t  i d e n t i f i c a t i o n  was used f o r  the  q u a n t i t i e s  r;qi(x), 
r*p(x), tz(x), t$(x), %or, %fi, %ot, %Ft, %or, %r, %ot* %Ft- 

The uncoupled equations f o r  the submatrices a r e  as follows. 

1. A submatrix, s*(t)  uncoupled equation: 

15 



YE' (b) r:' (b) + 6 k y;'d(a) r i ( a )  aor  

1 - f i  kaot y:(a) t z ( a )  - 6 kbot yJc(b) C t;(b) 

2. A submatrix, [ A T ( t )  - h";t)] uncoupled equation: 

16 



3. A submatrix, A:(t) uncoupled equation: 

1 *  * 5. A submatrix, [a,(t) + 0 7 ( t ) ]  uncoupled equation: 

+ 2kaFt t$2(a) + 2kbFt Vi2(b)] = 0. 

17 



6 .  B submatrix, p*(t) 

r 

uncoupled equation: 

' + K S K  2** c (s 

- [A:(t) + A$(t)] [fi k r o r  z*'(b) c r* ' (b)  0 +&- k a o r  zz(a)  r z ( a )  

1 - f i  k zE(a) tE(a)  - E %ot z*(b) C t:(b) ,aot  

18 



7. B submatrix, - [h:(t) + Az(t)] uncoupled equation: 

p*(t) f i  k z*' (b) r*' (b) + f i  k z:(t) +(a) [ ror c 0 aor  

8. B submatrix, A$(t) uncoupled equation: 

p*(t) [- 2krFr zz' (b) r$' (b) - 2kaFr zz(a) r$(a) - 2kbFr z 

+ 2kbFr r$2(b)] = 0. 

1 
2 9. 

uncoupled equation: 
B submatrix, - [cr:(t) + oz( t )  + &(t) + oz( t ) ]  

z*' (b) t;' (b) - f i  k &(a) t:(a) C a o t  

19 



1 *  
2 10. B submatrix, - [ a 4 ( t )  + a z ( t ) ]  uncoupled equation: 

+ 2kaFt t*2(a) F + 2kbFt t$2(b)] = 0. 

11. C submatrix, v;k(t) uncoupled equation: 

1 R2p2(b )  + k p 2 ( s )  
4J v*(t) ['G) (w&.$ - w2) + R2q2k2(a) + 2 

+ 5 1 [u;(t) - u$(t) - a z ( t )  + u z ( t ) ]  [2kaot t:(a) Rq*(a) 

[2kaFt t$(a)  Rvk(b) + 2kbFt t$(b) Rq*(b)] = 0. 

1 
12. C submatrix, 5 [a'I(t) - & ( t )  - uz( t )  + a:(<)] 

uncoupled equation: / 

20 



13. C submatrix, T 1 [&(t) - o:(t) - a7(t )  * + o:(t)l 
uncoupled equation: 

I- 1 

+ - 1 [a:w - a m  - 0%) + aE(t)] FGFt ( k t  - w2) 
2 

+ krFt  t*12(b) F +'kaFt tg2(a) + kbFt t;2(b)] = 0. 

J; 14. D submatrix, [a:(t) + a;(t) - aE(t) - a 6 ( t ) ]  
uncoupled equation: 

t*12(b) + kaot t; 2 (a)+Sot t;2(b)] = 0. 
+ krot 0 

21 



15. E submatrix, [o;(t) + a z ( t )  - a,(t) * - 08( t ) ]  * 
uncoupled equations: 

IV.  RESULTS 

The most i n t e r e s t i n g  r e s u l t  of t h i s  ana lys i s  is shown i n  the  
ex is tence  of a set  of general ized coordinates  i n  which, t he re  is no 
coupling i n  the  equations of motion f o r  center  tank p i t ch ,  yaw, and 
tors ion .  The mul t ip l e  beam analys is  (see re ference)  which has been 
the  bas i s  fo r  the  Aero-As trodynamics Laboratory computations of 
Saturn I and I B  frequencies and mode shapes is based on the  i m p l i c i t  
assumption of such uncoupling. 
the  v a l i d i t y  of t h i s  assumption. 

The ana lys i s  presented here  e s t a b l i s h e s  

The A submatrix, a seventeen-degrees-of-freedom system, w a s  solved 
using an eigenvalue i t e r a t i o n  procedure. 
the  Saturn SA-5 veh ic l e  f o r  35 seconds f l i g h t  t i m e .  A comparable 
ana lys i s  was made using the  bas i c  mul t ip l e  beam program descr ibed i n  
the  reference.  
those obtained using the  A submatrix of t he  ana lys i s  presented i n  t h i s  
r epor t  is shown i n  Table 1. 
system. ' 

Input da t a  were provided f o r  

A comparison of the  r e s u l t s  of the  b a s i c  program wi th  

Good c o r r e l a t i o n  was obtained f o r  t h i s  

Two spec ia l  types of nonsymmetry were analyzed i n  a l imi ted  
parameter study. By considerat ion of p a r t i c u l a r  nonsymmetry condi t ions 
along the  p r inc ipa l  axes of the  coupled system, the  s e t  of simultaneous 
equations was preserved i n  the  uncoupled form. The e f f e c t s  of non- 
symmetry were r e f l e c t e d  thereby only a s  changes i n  the  constant  coef- 
f i c i e n t s  supplied as input  data  t o  the computations. 
nonsymmetry considered were changes i n  the  e l a s t i c  c h a r a c t e r i s t i c s  of 
the  ou te r  tanks and i n  the  e l a s t i c  support  of the ou te r  tanks.  
of comparisons of the  symmetrical veh ic l e  response with t h a t  of the  
unsymmetrical veh ic l e  are given i n  Table 1. 

The types of 

Resul ts  

22 



As can be seen from t h i s  comparison, the e f f e c t s  of these types 
of nonsyumetry are r e l a t i v e l y  small. For example,  the maximum change 
i n  frequency caused by a. 21 percent change i n  fue l  tank s t i f f n e s s  is 
about 1.9 percent. This occurs i n  the fou r th  mode, which is charac- 
t e r i z e d  a s  a f u e l  tank tangent ia l  mode. Differences of the s a m e  order  
exist between the  r e s u l t s  of t he  bas i c  mul t ip le  beam analys is  and the 
present  analysis .  These differences are ins ign i f i can t .  Despite the 
small magnitude of frequency changes, the ana lys i s  shows the  e f f e c t s  
of such nonsyumetry qua l i t a t ive ly .  For example, it can be seen t h a t  
increasing the  f u e l  tank s t i f f n e s s  increases  a l l  seven na tura l  f r e -  
quencies tabulated.  

The r e s u l t s  presented here  do not t r e a t  a l l  of the cases of 
i n t e r e s t ;  however, computer program l imi t a t ions  r e s t r i c t e d  t h i s  s tudy 
t o  these  simple cases. 
plex cases of ncnspxetry w i l l  be t r ea t ed  and the resul ts  rep6rtzd. 

When t h i s  def ic iency is corrected,  more com- 
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TABLE 1 

Mode 
ode Description - 
1 FTR 

2 LTR 

3 CT1 

4 FTT 

5 LTT 

6 CT2 

7 cT3 

Case 1 

13.29 

15-17 

15.77 

17.92 

26.26 

35.00 

64.61 

Frequency (radians /sec) 

Case 2 

13.29 

15.21 

16.18 

17.96 

26.57 

35.09 

64.66 

Case 3 

13.30 

15.35 

16.20 

18.30 

26.85 

35.11 

64.66 

Case 4 

13.28 

15.02 

16.15 

17.67 

26.33 

35.07 

64.66 

Case 5 

13.29 

15.21 

16.18 

17.96 

26 57 

35.09 

64.66 

Case 6 

13.29 

15.21 

16.18 

17.96 

26.57 

35 09 

64.66 

a D e s  c r  i p  t ion 

1 bas ic  mul t ip le  beam theory 

2 

3 subjec t  ana lys i s ,  f u e l  tank s t i f f n e s s  up 21 percent  

4 

5 

6 

subjec t  ana lys i s  f o r  symmetrical v e h i c l e  

subjec t  ana lys i s ,  f u e l  tank s t i f f n e s s  down 21  percent 

subjec t  ana lys i s ,  f u e l  tank support  s t i f f n e s s  up 10 percent  

subjec t  ana lys i s ,  fue l  tank support  s t i f f n e s s  down 10 percent  

Abbr ev i a  t ion 

FTR fuel  tank r a d i a l  

LTR LOX tank r a d i a l  

CT1 (2,3) center  tank f i r s t  (second, t h i r d )  mode 

FTT fuel  tank t angen t i a l  

LTT LOX tank tangent ia l  

Mode D e s  c r  i p  t ion  
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VECTORS ARE UNIT LENGTH. 

FIGURE 1. COUPLED SYST&M 
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